An in-depth investigation of the effect of a resonant error-field on a rotating, quasi-cylindrical, tokamak plasma is preformed within the context of constant-w, resistive-magnetohydrodynamical theory. General expressions for the response of the plasma at the rational surface to the error-field are derived in both the linear and nonlinear regimes, and the extents of these regimes mapped out in parameter space. Torque-balance equations are also obtained in both regimes. These equations are used to determine the steady-state plasma rotation at the rational surface in the presence of the error-field. It is found that, provided the intrinsic plasma rotation is sufficiently large, the torquebalance equations possess dynamically stable low-rotation and high-rotation solution branches, separated by a forbidden band of dynamically unstable solutions. Moreover, bifurcations between the two stable solution branches are triggered as the amplitude of the error-field is varied. A low-to high-rotation bifurcation is invariably associated with a significant reduction in the width of the magnetic island chain driven at the rational surface, and vice versa. General expressions for the bifurcation thresholds are derived and their domains of validity mapped out in parameter space. 
I. INTRODUCTION
A tokamak is a device whose purpose is to confine a high-temperature plasma on a set of nested toroidal magnetic flux-surfaces. Charged particles are free to circulate rapidly around the flux-surfaces, but can only diffuse slowly across them, as a consequence of their relatively small gyroradii.
The equilibrium magnetic field of a tokamak is supposed to be toroidally symmetric. In reality, there is always a slight deviation from pure toroidal symmetry because of the misalignment of magnetic field coils, the presence of nonaxisymmetric current feeds, and so on. It is convenient to describe the field as a superposition of the desired axisymmetric field, B, and an accidentally produced non-axisymmetric "error-field," dB.
As a first approximation, a large aspect-ratio, low-b tokamak plasma can be treated as a periodic cylinder of circular cross-section. In such a plasma, the error-field can be decomposed into Fourier harmonics expressed in terms of a (simulated) toroidal angle and a poloidal angle. The typical magnitude of the low mode-number harmonics encountered in present-day tokamaks is about 10 À4 of the equilibrium toroidal field-strength.
The Fourier harmonics of the error-field fall into two classes, i.e., resonant and non-resonant harmonics. For a resonant harmonic, there exists at least one so-called rational magnetic flux-surface, lying within the plasma, on which kÁB ¼ 0, where k is a helical wavevector. Conversely, for a non-resonant harmonic, there exists no flux-surface, lying within the plasma, on which kÁB ¼ 0.
The non-resonant harmonics of the error-field give rise to a non-axisymmetric displacement of a tokamak's nested toroidal magnetic flux-surfaces, but do not modify the topology of these surfaces. On the other hand, a resonant harmonic is capable of changing the topology of the fluxsurfaces in the immediate vicinity of its associated rational surface, to produce a helical magnetic island chain. This process involves magnetic reconnection (i.e., the breaking and reforming of magnetic field-lines) at the rational surface. The radial width of the island chain, expressed as a fraction of the plasma minor radius, is of order the square-root of the ratio of the local strength of the resonant harmonic to that of the equilibrium toroidal magnetic field.
1 It follows that relatively small-amplitude resonant harmonics are capable of driving relatively wide island chains. This is problematic, because a helical magnetic island chain degrades the confinement properties of the plasma equilibrium by allowing heat and particles to flow rapidly, rather than diffuse slowly, from the inner to the outer (radial) sides of its associated magnetic separatrix. 2 One would naively expect a tokamak plasma subject to an error-field to be filled with magnetic island chains induced by the various resonant harmonics of the field. Fortunately, this is not necessarily the case. Tokamak plasmas generally rotate, due to the presence of an equilibrium radial electric field (as well as diamagnetic effects), at a rate that is far larger than that at which magnetic reconnection typically proceeds. Under these circumstances, driven magnetic reconnection at the various rational surfaces within the plasma is largely suppressed, and the confinement properties of the plasma remain unimpaired.
3,4 Unfortunately, even in the presence of substantial plasma rotation, a residual amount of magnetic reconnection is driven at each rational surface within the plasma. Moreover, this residual reconnection gives rise to localized electromagnetic torques that acts to decelerate the rotation. 3, 4 Under these circumstances, it is not at all obvious that a tokamak plasma, subject to a given error-field, can maintain sufficient rotation to suppress driven magnetic reconnection, and thereby prevent any error-field-induced degradation of its confinement properties.
A resistive-MHD (magnetohydrodynamical) theory of the response of a rotating, quasi-cylindrical, tokamak plasma to a resonant error-field was developed previously in Refs. 3 and 4. Reference 3 makes use of linear layer theory to characterize the response of the plasma in the immediate vicinity of a given rational surface to the associated resonant harmonic of the error-field, and, hence, to determine the deceleration torque acting in the vicinity of the surface. This approach is limited to situations in which the width of the island chain induced at the rational surface is much less than the linear layer width. In Ref. 4, the analysis of Ref. 3 is extended to permit situations in which the width of the driven island chain greatly exceeds the linear layer width. In this case, the response of the plasma in the immediate vicinity of the rational surface, as well as the decoration torque, is determined by nonlinear island theory. 1 The analysis of Refs. 3 and 4 predicts that if the intrinsic (i.e., in the absence of the error-field) plasma rotation is sufficiently rapid then, in the presence of a resonant error-field, there is a forbidden band of plasma rotation frequencies which separates relatively high-rotation from relatively low-rotation states. Moreover, bifurcations between high-and low-rotation states are triggered as the amplitude of the resonant harmonic of the error-field is varied. A high-to low-rotation bifurcation is invariably associated with a significant increase in the driven island width, and vice versa.
The aim of this paper is to perform an in-depth investigation of the bifurcated states of a rotating, quasi-cylindrical, tokamak plasma in the presence of a resonant error-field, within the context of constant-w, 5 resistive-MHD theory. Incidentally, we are restricting our investigation to constantw response regimes because it was demonstrated in Ref. 4 that these are the most appropriate regimes in ohmically heated tokamak plasmas. The analysis presented here is much more general than that given in Refs. 3 and 4 (other than the restriction to constant-w response regimes) because we do not necessarily assume that the plasma is rapidly rotating, and also do not concentrate exclusively on high-to lowrotation bifurcations.
II. PRELIMINARY ANALYSIS

A. Plasma equilibrium
Consider a large aspect-ratio, low-b, tokamak plasma whose magnetic flux surfaces map out (almost) concentric circles in the poloidal plane. Such a plasma is well approximated as a periodic cylinder. Suppose that the minor radius of the plasma is a. Standard cylindrical coordinates (r, h, z) are adopted. The system is assumed to be periodic in the z-direction, with periodicity length 2pR 0 , where R 0 ) a is the simulated plasma major radius. It is convenient to define the simulated toroidal angle / ¼ z=R 0 .
The equilibrium magnetic field is written B ¼ ½0; B h ðrÞ; B / . The associated equilibrium plasma current density takes the form j ¼ ½0; 0; j / ðrÞ, where
The safety factor,
parameterizes the helical pitch of equilibrium magnetic field-lines. In a conventional tokamak plasma, q(r) is of order unity, and is a monotonically increasing function of r.
B. Plasma response
Consider the response of the plasma to a static, helical, magnetic perturbation, which is, henceforth, referred to as an error-field (although it actually only represents one particular resonant harmonic of the total error-field). Suppose that the error-field has m periods in the poloidal direction, and n periods in the toroidal direction. It is convenient to express the perturbed magnetic field and the perturbed plasma current density in terms of a magnetic flux-function, wðr; h; /; tÞ. Thus,
where wðr; h; /; tÞ ¼ŵðr; tÞ exp½ i ðm h À n /Þ:
This representation is valid provided that
As is well known, the response of the plasma to the applied error-field is governed by the equations of perturbed, marginally stable (i.e., @/@t 0), ideal MHD everywhere in the plasma, apart from a relatively narrow (in r) region in the vicinity of the rational surface, minor radius r s , where q(r s ) ¼ m/n.
3
It is convenient to parameterize the error-field in terms of the so-called vacuum flux, W v ðtÞ ¼ jW v j e Ài u v , which is defined to be the value ofŵðr; tÞ at radius r s in the presence of the error-field, but in the absence of the plasma. Here, u v is the helical phase of the error-field. Likewise, the response of the plasma in the vicinity of the rational surface to the error-field is parameterized in terms of the so-called reconnected flux, W s ðtÞ ¼ jW s j e Ài u s , which is the actual value of wðr; tÞ at radius r s . Here, u s is the helical phase of the reconnected flux.
The intrinsic stability of the m, n tearing mode is governed by the tearing stability index,
whereŵðrÞ is a solution of the marginally stable, ideal-MHD equations, for the case of an m, n helical perturbation, that satisfies physical boundary conditions at r ¼ 0 and r ¼ a (in the absence of the error-field). According to resistive-MHD theory, 1,5 if D 0 > 0 then the m, n tearing mode spontaneously reconnects magnetic flux at the rational surface to form a helical magnetic island chain. In the following, it is assumed that D 0 < 0, so that the m, n tearing mode is intrinsically stable. In this situation, any magnetic reconnection that takes place at the rational surface is due solely to the errorfield.
C. Linear regime
In this paper, we shall examine two different constant-w, resistive-MHD response regimes at the rational surface. The first of these is the so-called visco-resistive regime.
3,4 This is a linear regime in which the reconnected magnetic flux induced by the error-field is governed by (see Appendix A)
Here,
is the linear layer width, whereas
are the hydromagnetic, resistive diffusion, and viscous diffusion timescales, respectively, at the rational surface. Moreover, s ¼ ðd ln q=d ln rÞ r s is the local magnetic shear, and q(r), r(r), l(r) are the equilibrium plasma mass density, electrical conductivity, and (perpendicular) viscosity profiles, respectively. Finally,
where X h ðrÞ and X / ðrÞ are the equilibrium plasma poloidal and toroidal angular velocity profiles, respectively. It is easily demonstrated that zero net electromagnetic torque can be exerted on magnetic flux surfaces located in a region of the plasma that is governed by the equations of marginally stable, ideal MHD.
3 Thus, any electromagnetic torque exerted on the plasma by the error-field develops in the immediate vicinity of the rational surface, where ideal MHD breaks down. In the linear regime, the net toroidal electromagnetic torque exerted in the vicinity of the rational surface by the error-field takes the form 3,4
where
D. Nonlinear regime
The second response regime investigated in this paper is the so-called Rutherford regime. 4 This is a nonlinear regime in which the reconnected magnetic flux induced by the errorfield is governed by two equations. The first of these is the Rutherford island width evolution equation,
is the full (radial) width of the magnetic island chain that forms at the rational surface, and B h ðr s Þ ¼ r s B / =R 0 qðr s Þ is the local equilibrium poloidal magnetic field. Finally,
is termed the vacuum island width. The second governing equation is the so-called no-slip constraint,
according to which the island chain is forced to co-rotate with the plasma at the rational surface. The net toroidal electromagnetic torque exerted by the error-field in the vicinity of the rational surface is again given by Eqs. (14) and (15) . The nonlinear regime holds when
i.e., when the magnetic island width greatly exceeds the linear layer width. The linear regime holds in the opposite case in which the island width falls well below the linear layer width. In addition, the particular linear regime employed in this paper (i.e., the visco-resistive regime) is only valid when
, when the constant-w approximation holds). 4 Likewise, the particular nonlinear regime employed in this paper (i.e., the Rutherford regime) is only valid when 2m (W/r s ) (W v /W) 2 ( 1 (i.e., when the constant-w approximation holds). 
E. Normalization scheme
Without loss of generality, we can set u v ¼ 0. Let
Equation (8), which governs the response of the plasma to the error-field in the linear regime, yields (see Appendix A)
where u ¼ u s À u v is the helical phase of the island chain relative to the error-field. On the other hand, Eqs. (16) and (19) , which govern the plasma response in the nonlinear regime, give
Equations (25) and (26) hold when
whereas Eqs. (27) and (28) hold when
In both cases, the normalized toroidal electromagnetic torque exerted in the vicinity of the rational surface takes the form
It is interesting to note that Eq. (25), which governs the island width evolution in the linear regime, is fairly similar in form to Eq. (27), which governs the island width evolution in the nonlinear regime. On the other hand, Eq. (26), which governs the evolution of the island phase in the linear regime, is substantially different to Eq. (28), which governs the evolution of the island phase in the nonlinear regime. According to Eq. (28), a nonlinear magnetic island chain (i.e., a chain whose width greatly exceeds the linear layer width) is forced to co-rotate with the plasma at the rational surface. (Essentially, this is because the island chain is too wide for plasma to easily diffuse across, leading to the trapping of plasma within the chain's magnetic separatrix.) On the other hand, according to Eq. (26), a linear island chain (i.e., a chain whose width is much less than the linear layer width) can slip through the plasma at the rational surface. In fact, the righthand side of Eq. (26) represents the normalized slip frequency (i.e., the difference between the chain's angular rotation frequency and that of the plasma at the rational surface).
According to Eqs. (25) and (27), the error-field destabilizes the island chain when cos u > 0 (i.e., when Àp=2 < u < p=2), and stabilizes the chain otherwise. Moreover, according to Eq. (31), the toroidal electromagnetic torque exerted by the error-field acts to decelerate the plasma rotation at the rational surface (i.e., T > 0) when sin u > 0 (i.e., when 0 < u < p), and acts to accelerate the rotation otherwise.
III. LINEAR RESPONSE THEORY
A. Introduction
This section investigates the linear response of a rotating plasma to an error-field.
B. Phase-space evolution
It is helpful to define
Here, X is the component of the normalized, error-fielddriven, reconnected magnetic flux that is in-phase with the error-field, whereas Y is the corresponding component that is in phase-quadrature. The linear response equations, (25) and (26), can be rewritten in the form
It follows that the response of the plasma to the error-field can be visualized as a trajectory in X-Y space. Henceforth, X-Y space is termed phase-space. In fact, Eqs. (34) and (35) can be solved to give
It is, thus, clear that the phase-space trajectory takes the form of an exponential decay to the fixed point
A typical phase-space trajectory in the linear regime is shown in Fig. 1 .
C. Time-asymptotic response
At the fixed point, which clearly corresponds to the time-asymptotic linear response of the plasma to the errorfield,
This response is characterized by a non-rotating (i.e., du=dt ¼ 0) island chain of fixed width (that is much less than the linear layer width). Moreover, the plasma at the rational surface flows through the island chain, i.e., du=dt Àx 6 ¼ 0. Finally, this flow gives rise to a fixed helical phase-shift, u, of the chain with respect to the vacuum island chain (i.e., the island chain obtained by naively superimposing the vacuum error-field perturbation onto the plasma equilibrium). The time-asymptotic linear response of the plasma to the error-field, which is specified by Eqs. (40)- (42), is further illustrated in Fig. 2 . It can be seen that, in the absence of plasma rotation (i.e.,x ¼ 0), the island chain is locked inphase with the error-field (i.e., u ¼ 0), and achieves its maximum possible width,Ŵ ¼Ŵ v . In the presence of finite plasma rotation (i.e.,x > 0), the island chain is phaseshifted with respect to the error-field (i.e., u > 0), and its width is reduced (i.e.,Ŵ <Ŵ v ). In the limit of strong plasma rotation (i.e.,x ) 1), the phase-shift approaches p/ 2, and the reduction in the driven island width becomes substantial (i.e.,Ŵ (Ŵ v ). It can also be seen that the toroidal electromagnetic torque exerted by the error-field acts to decelerate the plasma rotation at the rational surface (i.e., T > 0). Moreover, this torque is a non-monotonic function of the normalized plasma rotation frequency,x, approaching zero in the limitsx ! 0 andx ! 1, and peaking atx ¼ 1.
In the limit of strong plasma rotation, the time-asymptotic linear response just described has many features in common with the small locked island regime discussed in Refs. 7-9.
Finally, because the linear regime is only valid when W ( 1 (i.e., when the island width falls well below the linear layer width), it follows from Eq. (41) that the timeasymptotic response of the plasma to the error-field only lies in the linear regime when
IV. NONLINEAR RESPONSE THEORY
A. Introduction
This section investigates the nonlinear response of a rotating plasma to an error-field.
The nonlinear response equations, (27) and (28), can be rewritten in the form
As before, the solution of these equations can be visualized as a trajectory in X-Y space, where In principle, Eq. (45) permits the variable v to pass through zero and become negative, which implies that the normalized island width,Ŵ, also becomes negative. However, a magnetic island chain of negative width is equivalent to a chain of equal and opposite positive width in which the O-points are converted into X-points, and vice versa (such conversion implies a p radian helical phase-shift). 4 In this paper, the island width is defined to be always positive. In order to maintain this definition, when evolving Eqs. (45) and (46), we must make the transformation
each time v passes through zero and becomes negative. This transformation is consistent with the straight-line passage of the corresponding phase-space trajectory through the origin (see Fig. 4 ). Figure 3 shows a typical phase-space trajectory in the nonlinear regime. It can be seen that, unlike a typical trajectory in the linear regime, which decays to a fixed point (see Fig. 1 ), a typical phase-space trajectory in the nonlinear regime asymptotes to a closed loop (i.e., a limit cycle) that passes through the origin. (Assuming thatx > 0, the timeasymptotic trajectory orbits the loop in a counter-clockwise sense.) The fact that the loop passes through the origin implies that the associated island width,ŴðtÞ, periodically falls to zero. Each time this occurs, the island phase decreases discontinuously by p radians, in accordance with Eq. (50). Consequently, although the helical phase of the island chain with respect to the error-field, uðtÞ is constantly increasing in time at a uniform rate, its value is nevertheless restricted to lie in the limited range
where u 0 is some constant.
C. Time-asymptotic response
The time-asymptotic solution of the nonlinear equations, (45) and (46), is clearly periodic int, with periodŝ ¼ p=x. In other words, vðt þŝÞ ¼ vðtÞ and uðt þŝÞ ¼ uðtÞ for allt. Without loss of generality, we can set uð0Þ ¼ u 0 . It then follows from Eq. (46) that
for 0 t ŝ. Likewise,
for u 0 u u 0 þ p. Clearly, a periodic function oft, witĥ t in the range of 0 t ŝ, can also be thought of as a function of u, with u in the range of u 0 u u 0 þ p. Thus, we can write v ¼ vðuÞ for u 0 u u 0 þ p. Equations (45) and (46) can then be combined to give
Equation (54) must be solved subject to the constraints
which ensure that the island chain's width instantaneously passes through zero each time its helical phase decreases discontinuously from u 0 þ p to u 0 , in accordance with Eqs.
(49) and (50). In general, for a given value of a, there is only a single value of the parameter u 0 that allows the previous two constraints to be simultaneously satisfied. Once u 0 and uðuÞ have been determined numerically, we can calculatê
The solution of Eq. (54), subject to the constraints (57) and (58), is illustrated in Figs. 4-6 . The general features of the solution are as follows. In accordance with the no-slip constraint, the helical phase of the island chain, u, increases linearly in time. The chain's width grows from zero when u ¼ u 0 , achieves a maximum value when u ' u 0 þ p=2, and decays to zero again when u ¼ u 0 þ p. At this point, the chain's phase decreases abruptly by p radians, and the cycle repeats ad infinitum. Note that the abrupt phase changes correspond to the passage of the associated phasespace trajectory through the origin (see Fig. 4 ).
The low plasma rotation limit, a ( 1, is characterized by u 0 ' Àp=2. This implies that, during the island chain's growth/decay cycle, its helical phase always lies in the destabilizing range, Àp=2 < u < p=2. On the other hand, the phase lies in the accelerating range, Àp < u < 0 during half of the cycle, and in the decelerating range, 0 < u < p, during the other half. Consequently, in the low plasma rotation limit, the island chain achieves a relatively large peak width, and is subject to alternating accelerating and decelerating electromagnetic torques.
The high plasma rotation limit, a ) 1, is characterized by u 0 ' 0. This implies that the phase of the island chain lies in the destabilizing range, Àp=2 < u < p=2, during half of its growth/decay cycle, and in the stabilizing range during the other half. On the other hand, the phase always lies in the decelerating range, 0 < u < p. Consequently, in the high plasma rotation limit, the island chain only achieves a relatively small peak width, and is subject to a continuously decelerating electromagnetic torque.
D. Analytic approximations
It is helpful to define a cycle average operator
It immediately follows that
In other words, the mean helical phase of the island chain, during its growth/decay cycle, is u 0 þ p=2. Consider the low plasma rotation limit, a ( 1. Expanding in the small parameter a, the zeroth-order solution to Eq. (54) is
Now, by definition, u 0 is the negative root of
It follows that, to lowest order, u 0 ¼ Àp=2. The first-order solution to Eq. (54) is 
in the limit a ( 1. Hence, making use of Eq. (62),
It follows from Eqs. (59), (60), and (65) that, to first order in a,
T
Hence, to the same order,Ŵ
Consider the high plasma rotation limit, a ) 1. Expanding in the small parameter a
À1
, the zeroth-order solution to Eq. (54) is
Moreover, the first-order solution is
It follows from Eq. (64) that
Hence, making use of Eq. (62),
According to Eqs. (59), (60), and (72), to lowest order in a
It follows that, to the same order:
hTi ' 1 p
Interpolating between the small-a results (67), (70), and (71), and the large-a results (75), (78), and (79), we obtain the following analytic approximations:
hTi ' 0:4577 a 1 þ 0:8546 a 5=3 :
In Figs. 7-9, these approximations are compared with to corresponding quantities obtained via the direct numerical solution of Eq. (54). It can be seen that the approximations are fairly accurate. Note, incidentally, that the nonlinear analysis presented in Ref. 4 only considered the high plasma rotation limit, a ) 1. In this paper, we have considerably extended the previous analysis so as to be able to deal with any value of the plasma rotation parameter, a.
Expressions (80)-(82) are the nonlinear equivalents of the linear results (40)-(42).
We can see that the plasma response to the error-field in the nonlinear regime is broadly similar in nature to that in the linear regime. To be more precise, in both regimes, as the plasma rotation (parameterized by a in the nonlinear regime) increases, the mean helical phase of the island chain shifts from 0 to p/2, the mean island width decreases, and the mean decelerating electromagnetic torque first increases, attains a maximum, and then decreases. The main difference between the two regimes is that, in the linear case, the island chain is locked in a constant phase relation with respect to the error-field, whereas, in the nonlinear case, the phase relation is constantly changing. Finally, because the nonlinear regime is only valid when W ) 1 (i.e., when the island width greatly exceeds the linear layer width), it follows from Eq. (81) that the timeasymptotic response of the plasma to the error-field only lies in the nonlinear regime when 
T 'x:
Regime II corresponds tox ) 1 andŴ 2 v (x. This is a linear, high-plasma-rotation response regime in which
T 'x À1 :
Regime III corresponds to 1 (Ŵ 2 v (x À2 . This is a nonlinear, low-plasma-rotation response regime in which
hTi ' 0:4577 a;
where a ¼ 2xŴ v =3. Finally, Regime IV corresponds toŴ 2 v (x À2 ;x. This is a nonlinear, high-plasma-rotation response regime in which In general (or, to be more exact, in the nonlinear response regime), the time-asymptotic toroidal electromagnetic torque, T / EM , exerted by an error-field on a rotating plasma varies in time. However, the typical variation timescale is of order the rotation period, which is generally much shorter than the global viscous diffusion timescale. Hence, it is reasonable to suppose that the plasma averages over any oscillations in the torque, and responds primarily to the time-averaged torque, hT / EM i (see Appendix C). Note, incidentally, that the error-field also exerts a poloidal electromagnetic torque on the plasma. However, the response to this torque is largely suppressed by the strong poloidal flow damping typically present in tokamak plasmas. 6 Consequently, in the following, we shall neglect the poloidal torque.
Suppose that the change in the plasma toroidal angular velocity profile induced by the time-averaged toroidal electromagnetic torque is DX / ðrÞ. The appropriate boundary condition at the edge of the plasma is 3 DX / ðaÞ ¼ 0:
In other words, the plasma rotation is effectively clamped at the edge, and is not substantially modified by the error-field. Perpendicular viscosity gives rise to a localized viscous torque, acting in the vicinity of the rational surface, which opposes the error-field-induced change in the plasma rotation. This torque is written 4 (see Appendixes C and E)
It follows from Eq. (13) that
Here, X h 0 ðrÞ and X / 0 ðrÞ are the poloidal and toroidal angular velocity profiles of the plasma, respectively, in the absence of the error-field. Incidentally, x is the error-fieldmodified angular frequency of an island chain that is forced to co-rotate with the plasma, whereas x 0 is the same frequency in the absence of the error-field. In a steady state, the viscous torque acting on the plasma in the vicinity of the rational surface must balance the timeaveraged electromagnetic torque, so that
Equations (14), (15), (97), (98), and (100) can be combined to give the torque-balance criterion In the two linear response regimes (i.e., regimes I and II), Eqs. (42) and (101) can be combined to givê
The previous expression is equivalent to
and
c ¼x 
Here, x parameterizes the actual (i.e., in the presence of the error-field) plasma rotation, b parameterizes the amplitude of the error-field, and c parameterizes the intrinsic (i.e., in the absence of the error-field) plasma rotation. The numerical solution of the time-asymptotic torquebalance equation, (105), is shown in Fig. 11 . It can be seen that, at fixed intrinsic plasma rotation (i.e., fixed c), x decreases monotonically with increasing b when c < 1. On the other hand, there is a range of x-values in which x increases with increasing b when c > 1. It is demonstrated in Appendix B that solutions of the torque-balance equation for which the plasma rotation decreases with increasing errorfield amplitude (i.e., x deceases with increasing b) are dynamically stable, whereas solutions for which the plasma rotation increases with increasing error-field amplitude (i.e.,
x increases with decreasing b) are dynamically unstable.
3,4
We conclude that the general solution of the torque-balance equation exhibits a "forbidden band" of plasma rotation frequencies when c > 1 (i.e., when the intrinsic plasma rotation is sufficiently high). This band separates a branch of dynamically stable low-rotation solutions from a branch of dynamically stable high-rotation solutions. Thus, when a low-rotation solution crosses the lower boundary of the forbidden band, it becomes dynamically unstable, and there is a bifurcation to a high-rotation solution (characterized by the same values of b and c). Likewise, when a high-rotation solution crosses the upper boundary of the forbidden band, it becomes dynamically unstable, and there is a bifurcation to a low-rotation solution.
The numerically determined critical values of b at which the aforementioned bifurcations take place are shown in Fig.  12 . It can be seen that, to a good approximation, the bifurcation from the high-rotation to the low-rotation solution branch occurs when b exceeds the critical value
On the other hand, the bifurcation from the low-rotation to the high-rotation solution branch occurs when b falls below the critical value
The previous two expressions are only valid when c > 1. For c 1, there is no forbidden band of plasma rotation frequencies, and, consequently, no bifurcations. According to the definitions (108) and (109), the bifurcation from the high-rotation to the low-rotation solution branch occurs when the normalized vacuum island width exceeds the critical valueŴ
On the other hand, the bifurcation from the low-rotation to the high-rotation solution branch occurs when the normalized vacuum island width falls below the critical valuê
In general,Ŵ vþ >Ŵ vÀ . Consequently, the system exhibits hysteresis. To be more exact, onceŴ v has exceeded the critical value required to trigger a transition from a high-rotation solution to a low-rotation solution, its value must be significantly reduced before the reverse transition is triggered. Likewise, onceŴ v has fallen below the critical value required to trigger a transition from a low-rotation solution to a high-rotation solution, its value must be significantly increased before the reverse transition is triggered. The previous two expressions are only valid whenx 0 > ffiffiffiffiffi 27 p . For x 0 ffiffiffiffiffi 27 p , there are no bifurcations, and the plasma rotation varies continuously, and reversibly, with varying vacuum island width.
D. Bifurcation theory in nonlinear response regime
In the two nonlinear response regimes (i.e., regimes III and IV), Eqs. (82) and (101) can be combined to givê
where a ¼ 2xŴ v =3. The previous expression is equivalent to where
Here, x parameterizes the actual (i.e., in the presence of the error-field) plasma rotation, b 0 parameterizes the amplitude of the error-field, and c 0 parameterizes the intrinsic (i.e., in the absence of the error-field) plasma rotation.
The numerical solution of the time-asymptotic torque-balance equation, (115), is shown in Fig. 13 . As before, the solution exhibits a forbidden band of plasma rotation frequencies when c 0 > 1 (i.e., when the intrinsic plasma rotation is sufficiently high). This band separates a branch of dynamically stable low-rotation solutions from a branch of dynamically stable high-rotation solutions. When a low-rotation solution crosses the lower boundary of the forbidden band, a bifurcation to a high-rotation solution is triggered. Likewise, when a highrotation solution crosses the upper boundary of the forbidden band, a bifurcation to a low-rotation solution is triggered.
The numerically determined critical values of b 0 at which the aforementioned bifurcations take place are shown in Fig. 14 . It can be seen that, to a good approximation, the bifurcation from the high-rotation to the low-rotation solution branch occurs when b 0 exceeds the critical value
On the other hand, the bifurcation from the low-rotation to the high-rotation solution branch occurs when b 0 falls below the critical value
The previous two expressions are only valid when c 0 > 1. For c 0 1, there is no forbidden band of plasma rotation frequencies, and, consequently, no bifurcations.
According to the definitions (117) and (118), the bifurcation from the high-rotation to the low-rotation solution branch occurs when the normalized vacuum island width exceeds the critical valueŴ vþ , which is the positive root of
On the other hand, the bifurcation from the low-rotation to the high-rotation solution branch occurs when the normalized vacuum island width falls below the critical valueŴ vÀ , which is the (largest) positive root of
In general,Ŵ vþ >Ŵ vÀ . Consequently, the system exhibits hysteresis. The previous two expressions are only valid when x 0 > 15:15=Ŵ v . Forx 0 < 15:15=Ŵ v , there are no bifurcations, and the plasma rotation varies continuously, and reversibly, with varying vacuum island width.
E. Bifurcation regimes
Making use of the analysis presented in the previous two subsections, we can identify four separate bifurcation regimes for a rotating tokamak plasma interacting with a resonant error-field. The extents of these regimes inx 0 -R space are shown in Fig. 15 . Regime I corresponds tox 0 ) 1 and R (x À1=4 0
. In this regime, both the high-to low-rotation and the low-to high-rotation bifurcations take place in the linear response regime. The critical normalized vacuum island width above which the high-to low-rotation bifurcation is triggered iŝ
This expression is obtained from Eq. (112) by taking the limitx 0 ) 1, and is equivalent to expression (42) of Ref. 4. Immediately before the bifurcation,
On the other hand, the critical normalized vacuum island width below which the low-to high-rotation bifurcation is triggered isŴ
This expression is obtained from Eq. (113) by taking the limitx 0 ) 1. Immediately before the bifurcation,
Regime II corresponds to R ) 1;x À5=4 0 . In this regime, both the high-to low-rotation and the low-to high-rotation bifurcations take place in the nonlinear response regime. The critical normalized vacuum island width above which the high-to low-rotation bifurcation is triggered iŝ 
This expression is obtained by neglecting the final term on the left-hand side of Eq. (122). Immediately before the bifurcation,x ¼ 1:496
Regime III corresponds tox À1=4 0
( R ( 1. In this regime, the high-to low-rotation bifurcation takes place in the linear response regime, whereas the low-to high-rotation bifurcation takes place in the nonlinear response regime. Thus, the critical normalized vacuum island width above which the high-to low-rotation bifurcation is triggered iŝ
Immediately before this bifurcation,
Finally, regime IV corresponds to that part of thex 0 -R plane that is not occupied by regimes I, II, and III. There are no bifurcations in this regime.
Note that expressions (123)- (140) (122), respectively. The derivation of these general expressions represents a major extension of the analysis of Ref. 4, which only considers high-to low-rotation bifurcations, and can only deal with situations in which the operating point lies well away from the boundaries between the various bifurcation regimes.
In the regimes that exhibit bifurcations between lowand high-rotation solution branches (i.e., regimes I, II, and III), the low-rotation solutions are all characterized bŷ W $Ŵ v , whereas the high-rotation solutions are all characterized byŴ (Ŵ v . In other words, on the low-rotation solution branch, the plasma rotation is too weak to significantly reduce the width of the island chain driven by the error-field at the rational surface. On the other hand, on the highrotation solution branch, the plasma rotation is strong enough to significantly reduce the width of the driven island chain. Consequently, a high-to low-rotation bifurcation is invariably accompanied by a marked increase in the width of the driven island chain, whereas a low to high-rotation bifurcation is accompanied by a marked decrease.
In Fig. 15 , the boundary between regimes I and IV is specified asx 0 $ 1. In fact, this boundary corresponds to b ¼ c ¼ 1 (see Sec. V C). Hence, a more precise specification of the boundary isx 0 ¼ 5:196. Likewise, in Fig. 15 , the boundary between regimes II and IV is specified as R $x 
VI. SUMMARY AND DISCUSSION
We have performed an in-depth investigation of the response of a rotating, quasi-cylindrical, tokamak plasma to a resonant error-field, within the context of constant-w, resistive-MHD theory, considerably generalizing the analysis presented previously in Refs. 3 and 4.
We find that the response of the plasma in the immediate vicinity of the rational surface to the applied error-field can be usefully visualized as a trajectory in a kind of phasespace. If the response is linear (i.e., if the driven island width is much less than the linear layer width) then the phase-space trajectory decays to a fixed point (see Sec. III B and Fig. 1 ). On the other hand, if the response is nonlinear (i.e., if the driven island width is much larger than the linear layer width) then the trajectory asymptotes to a limit cycle (see Sec. IV B and Fig. 3) . The fixed point corresponds to a timeasymptotic linear response characterized by a non-rotating island chain of fixed width, through which the plasma at the rational surface flows (see Sec. III C). The limit cycle corresponds to a time-asymptotic nonlinear response characterized by a rotating island chain that is convected by the plasma at the rational surface, and whose width periodically falls to zero (see Sec. IV C). Each time this occurs, the helical phase of the chain (measured with respect to the errorfield) decreases discontinuously by p radians. Consequently, although the phase is constantly increasing in time, it is nevertheless restricted to lie in a limited range of values.
We have derived general expressions for the mean helical phase and width of, as well as the time-averaged electromagnetic locking torque acting on, the island chain driven at the rational surface by the error-field in both the linear [see Eqs. (40)-(42)] and nonlinear [see Eqs.
(80)-(82)] response regimes, and have mapped out the extents of these regimes in parameter space (see Fig. 10 ). We have also obtained torque-balance equations in both regimes [see Eqs. (104) and (114)]. These equations are used to determine the steady-state plasma rotation at the rational surface in the presence of the error-field. It is demonstrated that, provided the intrinsic plasma rotation is sufficiently large, the torque-balance equations possess dynamically stable low-rotation and high-rotation solution branches, separated by a forbidden band of dynamically unstable solutions (see Secs. V C and V D). It is also shown that bifurcations between the two stable solution branches are triggered as the amplitude of the error-field is varied. A low-to high-rotation bifurcation is invariably associated with a significant reduction in the width of the magnetic island chain driven at the rational surface, and vice versa. Moreover, the bifurcations exhibit considerable hysteresis. General expressions for the bifurcation thresholds have been obtained, and their respective domains of validity mapped out in parameter space (see Fig. 15 ).
In Appendix D, we apply the scaling analysis described in Sec. IV of Ref. 10 to the theory outlined in this paper. This analysis is appropriate to an ohmically heated tokamak plasma with (dimensionally consistent) neo-Alcator scaling of the energy confinement time. It is assumed that the momentum confinement time scales in a similar manner to the energy confinement time. The purpose of the analysis is to determine the dependance of critical parameters in the theory on the line-averaged electron number density, n e , the mean toroidal magnetic field-strength, B T , and the plasma major radius, R 0 . We find that none of the parameters exhibit any scaling with n e . Instead, they all scale as some power of f ¼ B
1=5
T R 1=4 0 . [Actually, the latter result follows immediately from dimensionless scaling arguments, once it has been established that there is no density scaling.
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] In fact,
where b r is the vacuum radial error-field strength at the rational surface. These scalings, in combination with Fig. 15 , allow us conclude that large, high-field devices are more likely to lie in the linear bifurcation regime I, whereas small, low-field devices are more likely to lie in the nonlinear bifurcation regime II. The lack of density scaling exhibited by the previous three critical parameters means that, according to the theory outlined in this paper, none of the threshold errorfield strengths at which low-to high-rotation bifurcations, or high to low-rotation bifurcations, are triggered have any dependence on n e . Unfortunately. this prediction is in conflict with experimental observations, which indicate an approximately linear scaling of the critical field-strength needed to trigger a high-to low-rotation bifurcation. [12] [13] [14] [15] (More recent observations suggest a weaker density scaling in small devices. 16 ) Clearly, something is missing from our theory. One possibility is error-field-induced neoclassical toroidal flow damping-see Appendix E. 10, 17, 18 However, it is demonstrated in Appendix D that the addition of this effect alone does not solve any problems. The only other possibility is drift effects (e.g., semi-collisional effects in the linear regime, and the ion polarization current in the nonlinear regime). In a future publication, we intend to extend the analysis presented in this paper to take drift effects into account, using the analysis of Ref. 19 as a template in the linear regime, and the analysis of Ref. 10 in the nonlinear regime.
Here, b r is the vacuum radial error-field at the rational surface, B T the mean toroidal magnetic field-strength, and R 0 the plasma major radius. It is interesting to note that none of the above quantities exhibit any dependence on the lineaveraged electron number density, n e . The critical error-field amplitude above which the highto low-rotation bifurcation is triggered in bifurcation regimes I and III of Sec. V E [which follows from Eq. 
The critical error-field amplitude above which the high-to low-rotation bifurcation is triggered in bifurcation regime II [which follows from Eq. (129)] scales as
Finally, the critical error-field amplitude below which the low-to high-rotation bifurcation is triggered in bifurcation regimes I, II, and III [which follows from Eq. (126)] scales as
It can be seems that none of the above critical error-field strengths exhibit any scaling with n e . According to the analysis of Appendix E, error-fieldinduced neoclassical toroidal flow damping must be taken into account in the bifurcation analysis whenever 
If the inequality (D10) is satisfied then the critical error-field strengths (D6), (D7), and (D8) become
respectively. Note, again, that none of the above critical values exhibit any scaling with n e .
